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We show that Casimir-Polder forces between two relativistic uniformly accelerated atoms exhibit
a transition from the short distance thermal-like behavior predicted by the Unruh effect, to a
long distance non-thermal behavior, associated with the breakdown of a local inertial description
of the system. This phenomenology extends the Unruh thermal response detected by a single
accelerated observer to an accelerated spatially extended system of two particles, and we identify
the characteristic length scale for this crossover with the inverse of the proper acceleration of the two
atoms. Our results are derived separating at fourth order in perturbation theory the contributions
of vacuum fluctuations and radiation reaction field to the Casimir-Polder interaction between two
atoms moving in two generic stationary trajectories separated by a constant distance, and linearly
coupled to a scalar field. The field can be assumed in its vacuum state or at finite temperature,
resulting in a general method for the computation of Casimir-Polder forces in stationary regimes.
PACS numbers: 12.20.Ds, 03.70.+k, 42.50.Ct
Introduction. Recent significant experimental pro-
gresses in measuring fluctuation induced forces with un-
precedented level of accuracy [1, 2], from the micro-
scopic to the macroscopic level, have strongly renewed
the interest in Casimir and Casimir-Polder interactions
[3–6], even at finite temperature [7, 8] and in out of
equilibrium configurations [9]. The interest on Casimir
physics spreads ubiquitously, from quantum electrody-
namics towards cosmology, statistical mechanics and col-
loidal physics, as well as material science and nanophysics
[2] [10].
A peculiar aspect of the quantum vacuum is that its
particle content is observer dependent. The Unruh effect
is a striking manifestation of this fact: a uniformly ac-
celerated observer in flat spacetime associates a thermal
bath to the power spectrum of quantum vacuum fluc-
tuations, with a temperature proportional to its proper
acceleration [11–14]. Despite its conceptual importance
for connections with Hawking radiation [15] and for its
impact on cosmology, black hole physics, particle physics,
and relativistic quantum information [16], experimental
detection of the Unruh effect remains elusive, since an
acceleration of the order of 1020m/s2 would be required
in order to measure a temperature of 1K. On the other
hand, it has been recently shown that the van der Waals
interaction between two accelerated atoms could allow to
detect the Unruh effect with reasonable values of the ac-
celeration [17]. Even if it is a well established fact that
an accelerated observer perceives the vacuum field as a
thermal state [12], the tantalizing possibility to find non-
thermal features associated to relativistic uniform accel-
eration would constitute a sharp representative signature
of accelerated motion, beyond the Unruh thermal anal-
ogy [18–21].
In this Letter, we aim at bridging the fields of Casimir
forces and of the Unruh effect, showing that both ther-
mal and non-thermal features associated to a relativistic
uniformly accelerated motion can be probed through the
Casimir-Polder force between two accelerating atoms. In
order to inspect the hallmarks of relativistic accelerations
on CP forces, we derive a general formula which allows
for the computation of Casimir-Polder forces in generic
stationary conditions from first principles, extending to
fourth order in perturbation theory a method developed
by Dalibard et al. [22]. In particular, we consider the
interaction energy, arising from quantum vacuum fluctu-
ations, among two atoms moving with a uniform proper
acceleration a in the same direction and separated by
a constant distance z, perpendicular to their trajecto-
ries, and linearly coupled to a scalar field. We show that
the Casimir-Polder force between the two accelerating
atoms displays a novel transition in its distance depen-
dence at a new length scale, za, given by the inverse of
the atomic acceleration (hereafter we use natural units
~ = c = kB = 1.). Such a transition is a cross-over in the
interaction energy, from a Casimir-Polder potential for
az  1 , where the static zero-temperature interaction
(as z−2 and z−3 in the nonretarded and retarded regimes,
respectively) receives a small thermal-like correction due
to acceleration at the Unruh temperature TU = a/2pi,
to a non-thermal interaction energy for az  1, char-
acterized by a z−4 power law decay. This result should
be compared with the Casimir-Polder force between two
static atoms interacting with the scalar field at temper-
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2ature T , where at the thermal wavelength λth. ∼ 1/T
the interaction shows a transition from the z−3 quan-
tum regime to the z−2 thermal classical regime. The
new characteristic length za ∼ 1/a is associated to the
breakdown of the approximate description of the system
in terms of a local inertial frame, and it indicates that
the Casimir-Polder interaction is strongly reshaped by
the presence of the non-inertial space-time background,
associated to the relativistic accelerated motion of the
two atoms. This phenomenology is a simple non-trivial
extension of the Unruh thermal response detected by a
single accelerated observer to a system of two accelerated
particles.
Casimir-Polder interactions. We consider the Hamil-
tonian of a pair of two-level atoms (A,B), characterized
by the same transition frequency ω0 and linearly coupled
to a massless scalar field φ(x) by the coupling constant
λ. The Hamiltonian can be written in the Dicke notation
[23] and in natural units (~ = c = 1), as
H = ω0σ
A
3 (τ) + ω0σ
B
3 (τ) +
∫
d3kωka
†
kak
dt
dτ
+ λσA2 (τ)φ(x
A(τ)) + λσB2 (τ)φ(x
B(τ)), (1)
where σi (i = 1, 2, 3) are the Pauli matrices, ak, a
†
k
are the annihilation and creation operators of the mass-
less scalar field φ(x) with the linear dispersion relation
ωk = |k|. The Hamiltonian (1) is expressed in terms
of the same proper time τ of the two atoms (assuming
a background flat spacetime), and the interaction term
is evaluated on a generic stationary trajectory x(τ) of
the two atoms. The distance z between the atoms, per-
pendicular to their acceleration, is constant. Quantum
fluctuations of the field, as well as radiation source fields,
can induce an effective interaction among the two atoms
at fourth order in the atom-field interaction. Following
the procedure proposed in [22], we can split the rate of
variation dO
A
dτ of an atomic observable OA in the sum of
two contributions, vf and rr,(
dOA
dτ
)
vf/rr
=
iλ
2
(
φf/s(xA(τ))[σ2(τ),OA] +
+ [σ2(τ),OA]φf/s(xA(τ))
)
, (2)
where the free term φf is the contribution present even in
the absence of interaction, while the source term φs is the
part due to the atom-field coupling and containing the
coupling constant λ. The first contribution,
(
dOA/dτ)
vf
describes the change in OA caused by the fluctuations of
the field that are present even in the vacuum (vacuum
fluctuations), while the second term represents the in-
fluence of the atom on the field, which in turn can act
back on the atom (radiation reaction). The method con-
sists in rewriting these contributions at a given order in
perturbation theory as quantum evolutions given by two
effective Hamiltonians, H
vf/rr
eff , and then compute the vf
and rr contributions to the atomic energy level shift (a
second-order calculation is sufficient for the Lamb shift).
In order to derive the Casimir-Polder interaction for two
atoms (A,B), in the quantum states |α〉 and |β〉 respec-
tively, and moving with two arbitrary stationary trajecto-
ries xA(τ) and xB(τ) (the trajectories of the two atoms
differ by a space translation only), we derive the effec-
tive Hamiltonians H
vf/rr
eff at fourth order in λ for one
of the two atoms, as we shall report in detail elsewhere
[24]. We disregard the energy shifts independent from
the atomic separation, because they do not contribute to
the interatomic force. We find the following expression of
the vacuum fluctuations contribution to the energy level
shift of atom A in the state | α〉
δEAα,vf = 4iλ
4 lim
(τ−τ0)→+∞
∫ τ
τ0
dτ ′
∫ τ ′
τ0
dτ ′′
∫ τ ′′
τ0
dτ ′′′CF (φf (xA(τ)), φf (xB(τ ′′′)))χF (φf (xA(τ ′)), φf (xB(τ ′′)))
× χAα (τ, τ ′)χBβ (τ ′′, τ ′′′),
(3)
where we have introduced respectively the field symmetric correlation function and the field susceptibility,
CF (φf (xA(τ)), φ
f (xB(τ
′))) =
1
2
〈0|{φf (xA(τ)), φf (xB(τ ′))}|0〉,
χF (φf (xA(τ
′)), φf (xB(τ ′))) =
1
2
〈0|[φf (xA(τ)), φf (xB(τ ′))]|0〉.
(4)
Analogously, we have defined the atomic susceptibility of atom A (B) in state α (β),
χ
A/B
α/β (τ, τ
′) ≡ 1
2
〈α/β|[σf2,A/B(τ), σf2,A/B(τ ′)]|α/β〉. (5)
3In Eqs. (3-5) the superscript f stands for the free evo-
lution of the operators. Although in (4) we have assumed
the field in its ground state |0〉, Eq. (3) is valid also for
a quantum field at finite temperature, using the appro-
priate statistical functions; also, in the following we shall
assume the two atoms prepared in their ground state |g〉.
The result (3) has a sharp physical interpretation. The
vacuum fluctuations contribution to the interatomic en-
ergy originates from a non-local field correlation (ex-
pressed by CF ), present even in the vacuum state, which
induces and correlates dipole moments in the two atoms
(χA/B), that eventually polarizes the field (χF ). This
physical picture is also consistent with the paradigmatic
interpretation of Casimir-Polder forces by Power and
Thirunamachandran in [25], and often used to calculate
also many-body Casimir-Polder forces [26–28]. The ra-
diation reaction contribution can be obtained similarly
[24], but for brevity we do not report here its explicit ex-
pression. It describes the complementary physical mech-
anism, in which the atom A has a fluctuating dipole mo-
ment (CA) and it polarizes the field (χF ); a dipole mo-
ment is thus induced in the second atom (χB) and it
polarizes the field (χF ), which eventually acts back on
atom A. It is possible to show that the radiation reac-
tion contribution is negligible compared to the vacuum
fluctuation contribution for all the cases considered in
this Letter, specifically, at small temperatures, i.e. for
T  ω0, or, in the case of two uniformly accelerating
atoms, for a  ω0 [24]. Thus we concentrate on the
vacuum fluctuations contribution only.
As a non-trivial test for our results, we can first calcu-
late the scalar Casimir-Polder interaction energy ECP be-
tween two stationary atoms. Similarly to the electromag-
netic Casimir-Polder case [4], we find a transition from
a near zone regime, defined by ω0z  1, where ECP '
− 11024pi2 λ
4
ω0
1
z2 , to a far zone regime, ECP ' − 1512pi3 λ
4
ω20
1
z3 ,
defined for distances ω0z  1, where retardation effects
in the propagation of the field are relevant. A generaliza-
tion of Eq. (3) allows to obtain also the scalar Casimir-
Polder force at finite temperature T , in terms of the ther-
mal correlation function and susceptibility for a scalar
field
CFth.(φ
f (xA(τ)), φ
f (xB(τ
′))) =
1
8pi2
1
z
∫ ∞
0
dω sin(ωz) coth
( ω
2T
)
(e−iω(τ−τ
′) + eiω(τ−τ
′)),
χFth.(φ
f (xA(τ)), φ
f (xB(τ
′))) =
1
8pi2
1
z
∫ ∞
0
dω sin(ωz)(e−iω(τ−τ
′) − eiω(τ−τ ′)).
(6)
The explicit computation is performed in the limit of
small temperatures, T  ω0, following a general method
originally introduced by Lifshitz [29–31]. In view of the
comparison with the Casimir-Polder force between two
accelerated atoms, which is the main point of this Let-
ter, it is important to stress that at finite temperatures,
the massless thermal wavelength λth. ∼ 1/T separates a
quantum regime from a classical thermal regime. Indeed,
for distances z  λth. we find the expression for the static
scalar Casimir-Polder force in near and far zone plus sub-
leading thermal corrections proportional to −λ4z ( Tω0 )2;
on the other hand, for distances larger than the typi-
cal length scales associated to quantum effects, i.e. for
z  λth., the Casimir-Polder force manifests again a clas-
sical thermal behavior similar to that in the near zone
Eth.CP = −
1
512pi3
λ4
ω20
T
z2
, (7)
as it has been already noticed for the electromagnetic
case [7, 31].
Unruh corrections to Casimir-Polder interactions. We
now apply our result (3) to the case of two atoms mov-
ing with the same uniform acceleration, perpendicular
to their separation. In this case, a modification of their
Casimir-Polder interaction is expected, because the two
atoms perceive modified vacuum fluctuations, as the Un-
ruh effect would suggest. We have already obtained hints
of such modification [21] and discussed observability of
this new phenomenon, that could be a way to confirm
experimentally the evidence of the Unruh effect [17]. An
atom moving with uniform relativistic acceleration a in
the xˆ direction follows the worldline
t(τ) =
1
a
sinh(aτ) x(τ) =
1
a
cosh(aτ) y(τ) = z(τ) = 0.
(8)
We are now going to show how interatomic Casimir-
Polder interactions allow to distinguish the effect of a
relativistic acceleration from a thermal behavior. Even if
such a thermal character have been envisaged in a large
number of situations [12, 32–34], departures from ther-
mal predictions for accelerating atoms have been shown
in the Lamb shift and in the spontaneous excitation of
accelerating atoms, coupled to the electromagnetic field,
in vacuum space [18, 35] or in front of a conducting plate
[19, 36–38].
In such a situation it is convenient to introduce a
4new set of coordinates, necessary to cover the Minkowski
spacetime (t, x) accessible to accelerated observers. They
are defined in two regions, the Rindler wedges, which are
causally disconnected, and where a Rindler metric can
be defined accordingly [12, 39].
We consider two uniformly accelerating atoms, moving
along the worldlines (8) with the same uniform acceler-
ation a  ω0, and separated by a distance z orthogonal
to the acceleration direction xˆ. We show that, at short
distances, Casimir-Polder interactions can probe thermal
Unruh-like effects, while at larger distances they reveal a
non-thermal behavior due to the intrinsically non-inertial
nature of the Rindler metric. As done in (6) for the ther-
mal Casimir-Polder force, we first obtain the correlation
function and susceptibility of the scalar field in the ac-
celerated background
CFacc.(φ
f (xA(τ)), φ
f (xB(τ
′))) =
1
8pi2
1
N (z, a)
∫ ∞
0
dωf(ω, z, a) coth
(piω
a
)
(e−iω(τ−τ
′) + eiω(τ−τ
′)) ,
χFacc.(φ
f (xA(τ)), φ
f (xB(τ
′))) =
1
8pi2
1
N (z, a)
∫ ∞
0
dωf(ω, z, a)(e−iω(τ−τ
′) − eiω(τ−τ ′)) ,
(9)
where f(ω, z, a) = sin(2ωa sinh
−1(az2 )) and N (z, a) =
z
√
1 + (az/2)2. A close comparison between (9) and (6)
shows that for az  1 the correlation function (9) has a
thermal-like behavior set by the Unruh temperature, TU .
Hence, the vacuum fluctuations contribution (3) to the
Casimir-Polder interaction exhibits, at the lowest order in
az, the same thermal-like correction ∼ −λ4z (TUω0 )2, found
for the Casimir-Polder interaction at finite temperature.
At higher orders in az, Eq. (9) shows that the correction
due to the accelerated atomic motion starts to differ sig-
nificantly from the correction due to a finite temperature
[40]. This discrepancy suggests a strong breakdown of
the usual analogy between acceleration and finite tem-
perature effects for the Casimir-Polder potential at dis-
tances z  za ∼ 1/a, resulting in a novel power law
behavior of the Casimir-Polder interaction,
Eacc.CP = −
1
512pi4
λ4
ω20
za
z4
. (10)
Our result (10) shows that the Casimir-Polder inter-
action energy between two accelerated atoms decreases
faster with the distance than in both near and far zones.
This can be guessed from the following heuristic argu-
ment: since both atoms are accelerating, the distance
traveled by a scalar photon emitted by one atom to reach
the other atom increases with time, and this results in an
overall decrease of the interaction strength among them
[17] (a more precise comparison between our result in
(10) and the results in [17] is not straightforward be-
cause in the latter case the interaction energy is time-
dependent and valid in a well-defined time interval, while
the present result involves a time average of the interac-
tion energy, as it is evident from (3)). We can consider
the behavior described by Eq. (10) as a new quantum
regime, as opposed to the classical thermal regime given
by Eq. (7), which on the contrary destroys the quantum
retarded Casimir interaction decaying as z−3. Also, we
wish to stress that the distance za is the characteristic
length scale for the breakdown of the local inertial frame
approximation [41]: for distances smaller than za, it is
possible to find a local inertial frame where the correla-
tion functions of the scalar field are fairly well described
by the their thermal Minkowski analogue, and the only
net effect of acceleration is embodied in the Unruh ther-
mal analogy; on the other hand, signals spreading over
distances larger than za must take into account the non-
inertial character of relativistic acceleration, encoded in
the non-Minkowskian metric. Consequently, field quan-
tization in Rindler spacetime will strongly affect the na-
ture of vacuum fluctuations (CF ) and field susceptibility
(χF ), ultimately leading to the novel power law behavior
of the Casimir-Polder potential (10). This phenomenol-
ogy is in sharp contrast with the classical effect outlined
above for the Casimir-Polder interaction at finite tem-
perature (see Eq. (7)) and it is summarized in Fig. 1. It
should be noted that such an effect cannot be detected
by a single uniformly accelerated point-like detector in
the unbounded space, as in [12, 33], since in that case it
is always possible to find a local set of Minkowski coordi-
nates in the neighborhood of a point-like detector. With
this respect, our result can be seen as a simple non-trivial
extension of the Unruh thermal response detected by a
single accelerating observer, to a system of two relativis-
tic accelerated systems. Finally, we would like to point
out that the qualitative change of Casimir-Polder force
described by Eq. (10) is ultimately grounded on the non-
inertial character of the accelerated background and it is
expected to manifest ubiquitously also for other fields, as
well as for a multi-level atom configuration.
Conclusions and Perspectives. In this Letter we have
shown how Casimir-Polder forces among two uniformly
accelerating atoms can probe non-thermal effects beyond
the Unruh analogy between uniform acceleration and fi-
nite temperature. We have shown that for interatomic
5FIG. 1: (Color online) Comparison between the Casimir-
Polder interaction among two atoms moving with relativistic
uniform acceleration a and constant separation z (red con-
tinuous line), and the static interaction for atoms at rest at
temperature T = a/2pi and same distance (blue dashed line),
in far zone, z  1/ω0. While for short distances, z  1/a,
both potentials display the same thermal-like behavior, at
distances larger than the characteristic length scale 1/a, the
thermal and the accelerated Casimir-Polder potentials exhibit
a sharply different power law decay with the interatomic dis-
tance.
distances above the characteristic length scale associated
to a local inertial description of the system, the Casimir-
Polder energy shows a different power law dependence
with the distance, compared to the corresponding poten-
tial at finite temperature.
A qualitative change of the interatomic potential may
affect some macroscopic properties of an accelerated
many-atoms system, as the following example would sug-
gest (analogous ideal experiments were envisaged in [42]
for an accelerating box filled with photons). Let us con-
sider a box filled with atoms with a given proper den-
sity and moving with finite acceleration a. The qualita-
tive change of the interaction between the atoms from a
marginal long-range z−3 to a short-range z−4 given by
(10) at the acceleration-dependent scale za, could man-
ifest in a change of the thermodynamics properties (for
example in the equation of state of the gas), if the average
interatomic distance is larger than ∼ 1/a, since thermo-
dynamics of long-range and short-range interacting sys-
tems is sharply different [43]. This density/acceleration
cross-over is of quantum origin, and it could have also
consequences on thermodynamics of the Universe during
the stages of its evolution.
Also, our new expressions for the fourth-order vacuum
fluctuations and radiation reaction contributions to en-
ergy shifts have a general validity, and they could be
straightforwardly applied to investigate electromagnetic
dispersion interactions involving accelerating atoms [17–
19, 35, 44] or atoms in circular motion, which could be
relevant to detect the Unruh effect [45]. Furthermore,
they can be easily employed to compute dispersion forces
among two atoms outside a Schwarzschild black hole or
in de Sitter spacetime, where Casimir forces could pro-
vide new physical insights into problems of cosmological
interest (similarly to recent computations of Lamb Shifts
in curved backgrounds [46]).
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